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Abstract. The two-dimensional isolation oxidation of silicon is studied in the reaction-controlled limit, which
corresponds to the case of initially thin oxides. This limit is both of physical relevance and one of the few regimes
in which analytical progress can be made in the whole oxide region. Slowly-varying or long-wave approximations
can be used to derive equations that govern the growth of the oxide interfaces (which form two moving boundaries)
and the oxidation-induced stresses in the oxide. Here, these equations are solved numerically, by use of a Keller-
Box discretisation scheme, complementing previously obtained asymptotic results. The numerical scheme is used
to investigate the effects of the nitride-cap rigidity and the initial oxide thickness on both the lateral extent of
oxidation (the so-called ‘bird’s beak’ length) and the stresses that occur on the silicon/silicon-oxide interface. The
results from the model are interpreted in dimensional form so that quantitative comparisons can be made with
experimental results.
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1. Introduction

The local oxidation of silicon (LOCOS) is a well-studied process (first reported by Appelset
al. [1]) in which oxide is selectively grown on part of a silicon wafer during the fabrication of
an integrated circuit. This selective oxidation is achieved by masking the parts of the silicon
surface where devices will be formed with silicon nitride and then growing the oxide (known
as the field oxide) by the thermal oxidation of the unmasked silicon, the nitride being impervi-
ous to oxidant. Before the deposition of the nitride mask, a thin oxide (known as the pad oxide)
is grown on the silicon in order to reduce the stresses that result from the different thermal
expansion coefficients of the silicon and the nitride. Since an oxidant is able to diffuse laterally
under the mask through the pad oxide, the resulting oxide has a characteristic shape known
as a bird’s beak. The model equations for the two-dimensional problem of this process are
discussed in detail in King [2, 3] and these describe a moving boundary problem commonly
termed the bird’s beak problem (see also Tayler and King [4]). The important goals of the
modelling are to determine conditions that minimize both the lateral extent of oxidation (the
length of the bird’s beak) and the oxidation-induced stresses. An asymptotic analysis of the
model equations in the reaction-controlled case is given in King [5]. Here we complete the
analysis of the reaction-controlled case by providing numerical results which complement the
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Figure 1.The bird’s beak geometry during local oxida-
tion. The pad oxide thickness isa cm (ora × 108 Å),
whilst the nitride mask has thicknessd cm (or d ×
108 Å) and half length` cm (or ` × 104 µm). The
silicon/oxide interface is at̄y = −f̄ (x̄, t̄) for −∞ <

x̄ < ` and the nitride/oxide interface is atȳ = η̄(x̄, t̄)
for 0 < x̄ < `. The problem is assumed symmetric
about the symmetry boundaryx̄ = `.

Figure 2.A schematic summarising the times and ini-
tial oxide thicknesses in which analytical results may
be obtained in the whole oxide region. The reaction-
controlled limit corresponds to the region whereK �
D/a.

previously obtained asymptotics, and then interpreting the results in dimensional form. The
layout of the paper is as follows:
In the remainder of the introduction, a summary of the previous analytical work by King
[3, 5] is given; the system of equations describing the growth of the interfaces and stresses
are stated together with their important similarity solutions and asymptotic results. Numerical
schemes for these systems of equations are presented in Section 2, which are based upon a
Keller-Box discretisation scheme. In Section 3, the numerical schemes are used to determine
validity ranges for the asymptotic results summarised in the introduction and to investigate
the parametric dependence of the stresses. Finally, Section 4 interprets the results obtained
in Section 3 in dimensional form, by providing values for the dimensional parameters and
comparing them to results obtained experimentally.

The important geometry is shown in Figure 1, where the two moving boundaries are the
oxide/silicon interfacēy = −f̄ (x̄, t̄) and the nitride/oxide interfacēy = η̄(x̄, t̄ ) or the ox-
ide/gas interfacēy = h̄(x̄, t̄ ) (depending on location). The variables stated are dimensional,
with x andy being horizontal and vertical distances,t time, a cm (or a × 108 Å) denoting
the initial pad oxide thickness,d cm (ord × 108 Å) the nitride mask thickness and 2`cm (or
2`× 104µm) is the total length of the nitride mask. In the reaction-controlled limit (see King
[5]), the following dimensionless variables are introduced,

y = y

a
, X = ε x

a
, τ = ε2 D

a2λ
t ,

together with theO(1) dimensionless parameters

κ = ε−2Ka

D
, R2 = ε4 λEI

µDa
, H = Ha

D
.
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HereD (cm2/s) is the diffusivity coefficient of the oxidant through the oxide,K (cm/s) is the
reaction coefficient for the first-order reaction at the silicon/oxide interface,H (cm/s) is the
gas-phase transport coefficient,µ (poise) is the viscosity of the oxide andEI (Pa cm3) is the
flexural rigidity of the nitride mask. The parameterλ = N/γ c∗ is dimensionless wherec∗
(cm−3) is the equilibrium concentration of the oxidant in the oxide, andN (cm−3) denotes the
number of oxidant molecules that combine with a unit volume of silicon to form a volume
γ ≈ 2·25 of oxide. It is this net volume expansion ofγ − 1 ≈ 1·25 which drives the flow
of the oxide and gives rise to the deformation of the nitride/oxide and gas/oxide interfaces.
The parameterε is small and is that used for the perturbative analysis. Sinceκ = O(1) this
corresponds to the casea � D/K where the initial pad oxide thickness is small compared
to the length scaleD/K. This is termed the reaction-controlled case. King [5] derives the
following coupled problem for the leading-order growth of the boundaries in the regionX ≥ 0
(under the nitride mask),

κf0τ =
(
(η0+ f0)f0Xτ

)
X
, (1.1)

η0τ − (γ − 1)f0τ = R2

12

(
(η0 + f0)

3η0XXXXX

)
X
, (1.2)

atX = 0: f0 = κ

γ
τ , η0XX = η0XXX = η0XXXX = 0 , (1.3)

asX→∞: f0→ 0, η0→ 1 , (1.4)

at τ = 0: f0 = 0 , η0 = 1 , (1.5)

wheref0(X, τ) denotes the leading-order term (in a regular expansion in powers ofε) of
the silicon/silicon oxide boundary andη0(X, τ) denotes the leading-order term of the ni-
tride/silicon oxide boundary,i.e.f ∼ f0(X, τ)+O(ε) andη ∼ η0(X, τ)+O(ε) are posed for
X ≥ 0. The linear growth condition for the silicon/silicon oxide interface imposed at the ni-
tride mask edgeX = 0 follows from the one-dimensional Deal and Grove [6] solution, which

is assumed to hold in the field oxide. Specifically,f̄ ∼ af̂ (τ ) andh̄ ∼ a
(
(γ − 1)f̂ + 1

)
in

X < 0 wheref̂ is the positive root of

1

2
γ 2f̂ 2+

(
1+ 1

H
+ ε

2

κ

)
γ f̂ = ε−2τ , (1.6)

which upon expanding in regular powers ofε gives

f̂ ∼ κτ

γ
− ε2κ

[(
1+ 1

H

)
κτ

γ
+ κ

2τ 2

2γ

]
(1.7)

with the linear growth condition at leading order. The leading-order stresses under the nitride
mask are as follows,

σ11, σ22 ∼ −R2η0XXXX , σ12 ∼ εR2η0XXXXX

(−y + 1
2(η0− f0)

)
, (1.8)
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whereσij is a suitably scaled dimensionless stress tensor (see Section 4) with 1 denoting the
X-direction and 2 they-direction. The stresses areO(1) and larger than those at the mask
edge and in the field oxide which are onlyO(ε). It is worth mentioning that the nitride mask
is treated as semi-infinite, the relevance of this assumption is considered in Section 3.3.

The system (1.1)–(1.5) further simplifies for the cases of small nitride rigidity (R2 → 0)
and large nitride rigidity (R2 → ∞), which are discussed in Appendix A. These limits are
important as they provide the greatest and least extents of lateral oxidation respectively. In
both cases the governing equation for the growth of the silicon/silicon oxide interface can be
written in the form,

ft = ((1+ f )fxt)x , (1.9)

with

at x = 0 f = t , (1.10)

asx →∞ f → 0 , (1.11)

at t = 0 f = 0 , (1.12)

under the scalings

f = γf1 , t = κτ , x = √κX , (1.13)

for small nitride rigidity wheref1 is now the leading order position of the silicon/oxide
interface, and

f = f3 , t = κ

γ
τ , x = √κX , (1.14)

for large nitride rigidity, wheref3 denotes the leading-order position of the silicon/oxide
interface.

It is known that (1.9)–(1.12) possesses a travelling wave solution of varying speed (King
[3, 5]), the implicit solution being given by∫ t

f

du

(u− log(1+ u))1/2 =
√

2x . (1.15)

This solution, when expresssed in terms of the travelling wave variablez = x − d(t), takes
the form

z = 1√
2

∫ 1

f

du

(u− log(1+ u))1/2 , (1.16)

where

d(t) = 1√
2

∫ 1

t

du

(u− log(1+ u))1/2 (1.17)
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denotes the position of the front of the travelling wave (taken to be where f=1). If the scalings
(1.13) and (1.14) are used, this defines the wave frontsd1(τ ) = d(κτ)/

√
κ and d3(τ ) =

d(κτ/γ )/
√
κ in the small and large nitride rigidity cases, respectively.

Finally, (1.7) shows that the reaction-controlled case remains valid untilτ = O(ε−2),
corresponding to dimensional timesO(λD/K2) s, which is when the slowly-varying approx-
imations and the expansion in (1.7) are expected to breakdown. Figure 2 indicates the extent
of validity of the reaction-controlled case and summarises other limits for which analytical
results can be obtained for the whole oxide region in terms of time and initial oxide thickness.

2. Numerical methods

In this section finite-difference schemes are presented for the numerical solution of the two
types of evolution equations stated in Section 1. These two systems of partial differential
equations are central in describing the growth of the boundaries and the development of the
oxidation-induced stresses within the oxide.

For both evolution equations, we adopt the Keller-Box discretisation scheme and solve
the resulting nonlinear algebraic equations using Newton iteration (see, for example, Ce-
beci and Bradshaw [7]); the scheme, which is second-order accurate in both time-like and
space-like variables, is perhaps more familiar in the solution of thermal and viscous boundary-
layer equations, so that its application in the present context warrants further explanation, as
follows.

2.1. A ‘PSEUDO-PARABOLIC’ EQUATION

Writing ft = g in the governing Equation (1.9), and further introducingh = gx , we note that
(1.9) can be written as three first-order differential equations, that is

h = gx, g = ((1+ f ) h)x , ft = g. (2.1–3)

Introducing a rectangular mesh with grid points at(xi)i=0,...,N and(tj )j=0,1,.., and conse-
quently with mesh spacing

1xi = xi − xi−1, i = 1,..., N, 1tj = tj − tj−1, j = 1,...,

we discretise (2.1) and (2.2) about(xi− 1
2
, tj+1), and (2.3) about(xi− 1

2
, tj+ 1

2
), to obtain the

following finite-difference forms:

1

2

(
hi,j+1+ hi−1,j+1

) = gi,j+1 − gi−1,j+1

1xi
, (2.4)

1

2

(
gi,j+1 + gi−1,j+1

) = (
1+ fi,j+1

)
hi,j+1−

(
1+ fi−1,j+1

)
hi−1,j+1

1xi
, (2.5)

fi− 1
2 ,j+1− fi− 1

2 ,j

1tj
= 1

2

(
gi− 1

2 ,j+1+ gi− 1
2 ,j

)
, (2.6)

where, for any variableφ , φi− 1
2 ,k
= 1

2

(
φi,k + φi−1,k

)
.

Introducing the iteratesφ(n)i,j+1, n = 0,1,2, . . ., wheren denotes the iteration order, we set
for the higher iterates
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φ
(n)
i,j+1 = φ(n−1)

i,j+1 + δφi . (2.7)

Inserting into (2.4)–(2.6) and linearising gives fori = 1, . . . , N ,

−
(

2

1xi

)
δgi +

(
2

1xi

)
δgi−1 + δhi + δhi−1 = R(n)

1,i , (2.8)

−2h(n)i,j+1

1xi
δfi +

2h(n)i−1,j+1

1xi
δfi−1+ δgi + δgi−1

−2(1+ f (n)i,j+1)

1xi
δhi +

2(1+ f (n)i−1,j+1)

1xi
δhi−1 = R(n)

2,i , (2.9)

(
1

1tj

)
δfi +

(
1

1tj

)
δfi−1−

(
1

2

)
δgi −

(
1

2

)
δgi−1 = R(n)

3,i , (2.10)

where

R(n)
1,i =

2

1xi

(
g
(n)
i,j+1 − g(n)i−1,j+1

)
−
(
h
(n)
i,j+1+ h(n)i−1,j+1

)
,

R(n)

2,i = −
(
g
(n)

i,j+1 + g(n)i−1,j+1

)
+ 2

1xi

{(
1+ f (n)i,j+1

)
h
(n)

i,j+1 −
(
1+ f (n)i−1,j+1

)
h
(n)

i−1,j+1

}
,

R(n)
3,i = −

2
(
f
(n)

i− 1
2 ,j+1
− fi− 1

2 ,j

)
1tj

+
(
g
(n)

i− 1
2 ,j+1
+ gi− 1

2 ,j

)
.

For the numerical scheme, three boundary conditions are required in order to supplement
the 3N algebraic equations given by (2.8)-(2.10), for the 3N+3 unknowns(δfi, δgi, δhi)i=0,...,N .
Although (1.10) and (1.11) suggest only two conditions, a third may be deduced from (2.3);
so, we have

f0,j+1 = tj+1, fN,j+1 = 0, g0,j+1 = 1, (2.11–13)

which lead to

δf0 = 0, δfN = 0, δg0 = 0. (2.14–16)

As for the initial conditions, it is clear that, ast → 0, (2.2) reduces to

g = gxx, (2.17)

with the solution, subject to boundary conditions,

g = e−x. (2.18)

Thus, we arrive at

fi,0 = 0, gi,0 = e−xi , hi,0 = −e−xi . (2.19–21)
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The above scheme gives a block tridiagonal system of equations to be solved for the iterates
(δfi, δgi, δhi)i=0,...,N at the(j + 1)th time step. Typically, the convergence criterion

max
i=0,...,N

(δfi, δgi, δhi) < 10−9

on the Newton iteration was found to be satisfied after 3 or 4 iterations. Additional comments
concerning the numerical scheme, in particular the discretisations used and the size of the
computational domain, are relegated to the end of Section 2.2.

2.2. A SIXTH-ORDER EVOLUTION EQUATION

Writing f0τ = g, and introducing

ηm = η(m)0 (X), m = 1, . . . ,5,

where here the superscript denotes the order of the derivative with respect toX, we may write
(1.1) and (1.2) as nine first-order differential equations, as follows:

ηm = ηm−1X, m = 1, . . . ,5, (2.22)

h = gX, κg = ((η0+ f0) h)X , f0τ = g, (2.23–25)

η0τ − (γ − 1) g = R2

12

(
(η0+ f0)

3 η5
)
X
. (2.26)

Introducing a rectangular mesh with grid points at(Xi)i=0,...,N and (τj )j=0,1,..., and conse-
quently with mesh spacing

1Xi = Xi −Xi−1, i = 1, . . . , N; 1τj = τj − τj−1, j = 1, . . . ,

we find that these become, in finite-difference form,

1

2

([
ηm
]
i,j+1 +

[
ηm
]
i−1,j+1

)
=
[
ηm−1

]
i,j+1 −

[
ηm−1

]
i−1,j+1

1Xi
, for m = 1, . . . ,5, (2.27)

1

2

(
hi,j+1+ hi−1,j+1

) = gi,j+1 − gi−1,j+1

1Xi
, (2.28)

κ

2

(
gi,j+1 + gi−1,j+1

) =([
η0
]
i,j+1 +

[
f0
]
i,j+1

)
hi,j+1−

([
η0
]
i−1,j+1 +

[
f0
]
i−1,j+1

)
hi−1,j+1

1Xi
, (2.29)

[
f0
]
i− 1

2 ,j+1−
[
f0
]
i− 1

2 ,j

1τj
= 1

2

(
gi− 1

2 ,j+1+ gi− 1
2 ,j

)
, (2.30)

[
η0
]
i− 1

2 ,j+1−
[
η0
]
i− 1

2 ,j

1τj
− (γ − 1)

2

(
gi− 1

2 ,j+1+ gi− 1
2 ,j

)
=
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R2

12


([
η0
]
i,j+1 +

[
f0
]
i,j+1

)3 [
η5
]
i,j+1−

([
η0
]
i−1,j+1+

[
f0
]
i−1,j+1

)3 [
η5
]
i−1,j+1

21Xi

+
([
η0
]
i,j
+ [f0

]
i,j

)3 [
η5
]
i,j
−
([
η0
]
i−1,j +

[
f0
]
i−1,j

)3 [
η5
]
i−1,j

21Xi

 . (2.31)

At this stage, it would appear that we are once again heading for a block tridiagonal system,
albeit that the blocks are now 9× 9, rather than 3× 3 as before. Indeed, this was the scheme
that was initially tried, before it became apparent that it was impossible to obtain convergence
for the Newton iterations. Consequently, it became necessary to break up (2.27)–(2.31) into a
third-order system consisting of (2.28)–(2.30), and a sixth-order system consisting of (2.27)
and (2.31); thus, one system was solved to convergence, its results substituted in the other,
which was then also solved to convergence and its results substituted in the first, and so on
until convergence for the outer loop was obtained. Further details are as follows.

Introducing the iterates for the functionsf0, g, h,
[
ηm
]
m=0,..,5 as[

f0
](ν,n)
i,j+1 =

[
f0
](ν,n−1)
i,j+1 + δ

[
f0
]
i
,

g
(ν,n)

i,j+1 = g(ν,n−1)
i,j+1 + δgi, h

(ν,n)

i,j+1 = h(ν,n−1)
i,j+1 + δhi,[

ηm
](ν,n)
i,j+1 =

[
ηm
](ν,n−1)
i,j+1 + δ

[
ηm
]
i
, m = 0, . . . ,5,

whereν denotes the order of the outer iterative loop andn denotes the order of the inner
iterative loop, we have at theνth outer step, after linearising,

−
(

2

1Xi

)
δgi +

(
2

1Xi

)
δgi−1 + δhi + δhi−1 = R(ν,n)

6,i , (2.32)

−
(

2h(ν,n)i,j+1

1Xi

)
δ
[
f0
]
i
+
(

2h(ν,n)i−1,j+1

1Xi

)
δ
[
f0
]
i−1+ κδgi + κδgi−1

− 2

1Xi

(
[η0](ν−1)

i,j+1 + [f0](ν,n)i,j+1

)
δhi + 2

1Xi

(
[η0](ν−1)

i−1,j+1+ [f0](ν,n)i−1,j+1

)
δhi−1

−
(

2h(ν,n)i,j+1

1Xi

)
δ
[
η0
]
i
+
(

2h(ν,n)i−1,j+1

1Xi

)
δ
[
η0
]
i−1 = R(ν,n)

7,i , (2.33)

(
1

1τj

)
δ
[
f0
]
i
+
(

1

1τj

)
δ
[
f0
]
i−1 −

(
1

2

)
δgi −

(
1

2

)
δgi−1 = R(ν,n)

8,i , (2.34)

where

R(ν,n)
6,i =

2

1Xi

(
g
(ν,n)
i,j+1 − g(ν,n)i−1,j+1

)
−
(
h
(ν,n)
i,j+1 + h(ν,n)i−1,j+1

)
,
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R(ν,n)
7,i = −κ

(
g
(ν,n)

i,j+1 + g(ν,n)i−1,j+1

)
+ 2

1Xi

{(
[η0](ν−1)

i,j+1 + [f0](ν,n)i,j+1

)
h
(ν,n)

i,j+1

−
(
[η0](ν−1)

i−1,j+1+ [f0](ν,n)i−1,j+1

)
h
(ν,n)
i−1,j+1

}
,

R(ν,n)

8,i = −
2
(
[f0](ν,n)

i− 1
2 ,j+1
− [f0]i− 1

2 ,j

)
1τj

+
(
g
(ν,n)

i− 1
2 ,j+1
+ gi− 1

2 ,j

)
,

and[η0](ν−1)
i,j+1 denotes the converged solution forη0 after the(ν − 1)st outer iteration. Having

found [f0](ν)i,j+1, g
(ν)

i,j+1, h
(ν)

i,j+1, we move to

δ
[
ηm
]
i
+ δ [ηm]i−1−

(
2

1Xi

)
δ
[
ηm−1

]
i
+
(

2

1Xi

)
δ
[
ηm−1

]
i−1 = R(ν,n)

m,i ,

m = 1, ...,5, (2.35)

−
{
R2

41Xi

(
[η0](ν,n)i,j+1 + [f0](ν)i,j+1

)2 [η5](ν,n)i,j+1

}
δ
[
f0
]
i

+
{
R2

41Xi

(
[η0](ν,n)i−1,j+1+ [f0](ν)i−1,j+1

)2 [η5](ν,n)i−1,j+1

}
δ
[
f0
]
i−1−

(γ − 1)

2
δgi − (γ − 1)

2
δgi−1

+
{

1

1τj
− R2

41Xi

(
[η0](ν,n)i,j+1 + [f0](ν)i,j+1

)2 [η5](ν,n)i,j+1

}
δ
[
η0
]
i

+
{

1

1τj
− R2

41Xi

(
[η0](ν,n)i−1,j+1+ [f0](ν)i−1,j+1

)2 [η5](ν,n)i−1,j+1

}
δ
[
η0
]
i−1

−
R2

(
[η0](ν,n)i,j+1 + [f0](ν)i,j+1

)3

121Xi
δ
[
η5
]
i
+
R2

(
[η0](ν,n)i−1,j+1 + [f0](ν)i−1,j+1

)3

121Xi
δ
[
η5
]
i−1 = R(ν,n)

9,i ,

(2.36)

where

R(ν,n)
m,i =

2

1Xi

(
[ηm−1](ν,n)i,j+1 − [ηm−1](ν,n)i−1,j+1

)
−
(
[ηm](ν,n)i,j+1 + [ηm](ν,n)i−1,j+1

)
,

m = 1, . . . ,5,

R(ν,n)
9,i = −

2

1τj

(
[η0](ν,n)

i− 1
2 ,j+1
− [η0]i− 1

2 ,j

)
+ (γ − 1)

(
g
(ν)

i− 1
2 ,j+1
+ gi− 1

2 ,j

)
+ R2

121Xi

{([
η0
](ν,n)
i,j+1 +

[
f0
](ν)
i,j+1

)3 [
η5
](ν,n)
i,j+1 −

([
η0
](ν,n)
i−1,j+1+

[
f0
](ν)
i−1,j+1

)3 [
η5
](ν,n)
i−1,j+1

+
([
η0
]
i,j
+ [f0

]
i,j

)3 [
η5
]
i,j
−
([
η0
]
i−1,j +

[
f0
]
i−1,j

)3 [
η5
]
i−1,j

}
.
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This time, nine boundary conditions are required to supplement the 9N equations for the
9N + 9 unknowns. Equations (1.3) and (1.4) give six of the required conditions:

[f0]0,j+1 = κτj+1

γ
, [η2]0,j+1 = [η3]0,j+1 = [η4]0,j+1 = 0, (2.37)

[f0]N,j+1 = 0, [η0]N,j+1 = 1. (2.38–39)

As in Section 2.1, we may use the conditions onf0 atX = 0 and asX → ∞ to derive two
boundary conditions forg, namely

g0,j+1 = κ

γ
, gN,j+1 = 0; (2.40–41)

as a final boundary condition, we set

[η1]N,j+1 = 0. (2.42)

Subsequently, (2.37)–(2.42) reduce to zero boundary conditions:

δ[f0]0 = 0, δ[η2]0 = δ[η3]0 = δ[η4]0 = 0, (2.43)

δ[f0]N = 0, δ[η0]N = 0, (2.44–45)

δg0 = 0, δgN = 0, δ[η1]N = 0, (2.46–48)

As for initial conditions, (1.5) gives conditions on seven of the variables:

[f0]i,0 = 0, [η0]i,0 = 1, [ηm]i,0 = 0, for m = 1, ...,5, (2.49)

for i = 0, .., N . Forg andh, we require the solution to (2.24) asτ → 0, that is

κg = gXX, (2.50)

subject to

g = κ

γ
atX = 0, g→ 0 asX→∞; (2.51–52)

thence

g = κ

γ
e−κ

1
2X,

so that, fori = 0, .., N ,

gi,0 = κ

γ
e−κ

1
2Xi , hi,0 = −κ

3
2

γ
e−κ

1
2Xi . (2.53–54)

The convergence criteria employed here were, for the inner iterations,

max
i=0,.,N

(δ[f0]i , δgi, δhi) < 10−9,
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max
i=0,.,N;m=0,..,5

(δ[ηm]i) < 10−9,

whilst for the outer iterations we use

max
i=0,..,N

(
| [f0](ν)i,j+1 − [f0](ν−1)

i,j+1 |, | g(ν)i,j+1 − g(ν−1)
i,j+1 |,

| h(ν)i,j+1− h(ν−1)
i,j+1 |,

(
| [ηm](ν)i,j+1 − [ηm](ν−1)

i,j+1 |
)
m=0,..,5

)
< 10−9;

3 or 4 iterations were found to suffice for both the inner and outer iterative steps. In general, for
the computations of this subsection and Section 2.1, uniform dimensionless time steps of 10−2

were used. However, since one of the goals of this work was to determine both maximum and
minimum stresses, which for high values ofR2 were found to occur for values of dimension-
less time less than 10−2, numerical integrations of the equations of this subsection were started
with dimensionless time steps of 10−4. A further comment here concerns the discretisation in
space, and in particular the setting of the outer edge (X∞) of the computational domain. From
the analysis in Section 1, it is clear that the solution is in the form of travelling wave, and it is
thus necessary to ensure that, for a given integration end-time (τend, say), the peak of the wave
has not reachedX∞; consequently, higher values ofτend require higher values ofX∞. This
situation is of course in contrast to that for viscous boundary layers where there is no such
wave. As an example of these considerations, we note that the results in Figures 4a and 5a
were obtained withX∞ = 40 andτend= 500; for the discretisation in space, uniform spacing
with N = 1001 was used.

Whenκ = 0 in (1.1), (1.2) gives the sixth-order parabolic equationη0τ = (η3
0η0XXXXX)X

which is yet another equation in a hierarchy of nonlinear partial differential equations describ-
ing the motion of thin viscous droplets under different forces (see King [5]). The numerical
scheme presented may be used for this sixth-order equation and can be modified to deal with
the lower fourth- and second-order variants which arise when the driving forces are surface
tension and gravity respectively in place of the light plate.

3. Numerical results

We are particularly interested in the growth of the oxide/nitride and the oxide/silicon bound-
aries, and the behaviour of the largest stresses which occur under the nitride mask. The growth
of the interfaces will be bounded by those for the small and large nitride rigidity which we
discuss first, before considering the oxide stresses.

3.1. ASYMPTOTIC APPROXIMATIONS FOR THE INTERFACE GROWTH

The silicon/oxide and oxide/nitride interfaces are bounded by those in the small and large
nitride rigidity cases, namely

f3(X, τ) ≤ f0(X, τ) ≤ f1(X, τ) and η3(X, τ) ≤ η0(X, τ) ≤ η1(X, τ)

where, as discussed in Appendix A,η3 ≡ 1 andη1 = 1+ (γ − 1)f1(X, τ) for X ≥ 0 and
τ ≥ 0. There are different definitions of the bird’s beak length (see Poncet [8]), but here it
is taken as the distance from the nitride-mask edge to where the oxide thickness has doubled
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Figure 3. Plots of the travelling wave solution and the location of its front. (a) shows the solutionf (z) from
(1.16) together with the asymptotic approximations (3.1) and (3.2). (b) shows the location of the front of the
travelling-wave solutiond(t) from (1.17) together with the large-time asymptotic solution

√
2t .

from its initial thickness. Sinceη1 + f1 = 2 at γf1 = 1 andη3 + f3 = 2 at f3 = 1, the
functionsd1(τ ) andd3(τ ), given at the end of Section 1, thus characterize the bird’s beak
length in the small and large nitride rigidity cases, respectively; the extent of lateral oxidation
being greatest in the small rigidity case and least in the large rigidity case.

The travelling-wave solution (1.16) has the following asymptotic behaviours,

f ∼ a0e
−z − a

2
0

3
e−2z + 5a3

0

24
e−3z asz→+∞ , (3.1)

f ∼ z2

2
−√2a1z + 2 log(−z)+ 2+ a2

1 − log 2 asz→−∞ , (3.2)

where the constantsa0 ≈ 1·35 anda1 ≈ −0·45 are determined numerically. These asymptotic
behaviours are shown in Figure 3a and are good approximations for−2 < z < 0·5, covering
most of the range of the travelling wave variable.

The large-time behaviour of (1.9)–(1.12) or equivalently (1.15), is derived in Appendix B
and is a moving parabola, whose front is located at

√
2t (i.e.

√
2τ and

√
2τ/γ for the small

and large rigidity cases, respectively). The outer (moving-parabola) solution

f ∼ t
(

1− x√
2t

)2

, (3.3)

is a reasonable approximation forx <
√

2t − 5, the solution then after being given byf ∼ r0
where∫ 1·607

r0

du

(u− log(1+ u))1/2 =
√

2
(
x −√2t

)
. (3.4)
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Figure 3b shows the position of the travelling-wave frontd(t) from (1.17) and the large-
time behaviour

√
2t . This indicates that the large-time approximation begins to be valid for

t ≥ O(50) (i.e. τ ≥ O(100/κ) for small nitride rigidity andτ ≥ O(100γ /κ) for large
nitride rigidity), although we would not expect the outer moving-parabola solution to emerge
to form a significant part of the large-time solution until much later. The outer solution would
be expected to be valid for approximately(

√
2t−5)/

√
2t fraction of the large-time behaviour

solution.

3.2. OXIDE STRESSES

Of particular importance during the oxidation process are the oxidation-induced stresses in
the oxide. If these stresses are too large, dislocations may be generated in the silicon substrate
with detrimental effects on device operation. In this section we present the numerical results
for the leading-order stress terms stated in (1.8) and their dependence on the nitride rigidity
parameterR2. Although the shear or tangential stressσ12 is seen to be an order of magnitude
smaller than the normal stressesσ11 andσ22, it is often the resolved values of the shear stresses
that are critical in determining the generation of dislocations (Tamura and Sunami [9], Isomae
[10] and Isomae and Yamamoto [11]) and for this reason we investigate its behaviour as well.

The main region of interest is under the mask inX = O(1), where largest stresses are
expected to occur compared to the mask edge and field oxide regions. Since the parameter
κ can be removed from the problem by a suitable rescaling of the other variables and the
parameterR2, it is sufficient to consider the caseκ = 1 and the dependence of the stresses
on the nitride rigidity parameterR2 only. Figure 4a shows the development ofη0XXXX with
time for the parameter valueR2 = 1. Figure 4b shows the dependence of the maximum and
minimum value ofR2η0XXXX with R2, whilst Figures 4c and 4d shows the position and time
when the maximum and minimum occur, which we note are not continuous withR2, this
suggesting that there is a certain region where the minimum stresses are of greater absolute
magnitude than the maximum stresses. The oscillatory behaviour of the normal stresses is not
unexpected since the total normal force exerted on the nitride mask must be zero at leading
order. Physically, the plus and minus signs of the normal stresses correspond to tensile and
compressive stresses, respectively.

Figure 5a shows the development of the scaled shear stressσ12/ε on the silicon/oxide
interfacey = −f0 and gives an indication of its oscillatory behaviour. Figures 5b, 5c and
5d show the maximum and minimum values of the shear stress on the silicon/oxide interface
and the position and time when these maximum and minimum values occur, the position of
the maximum shear stress always occurring atX = 0. Again, there are similar qualitative
features as in the normal stress case, where the position of the minimum stress occurs further
under the mask as the rigidity increases although in this case the maximum always occurring
at the mask edgeX = 0 and the largest stresses occurring at progressively earlier times for
increasing mask rigidity.

3.2.1. Small nitride rigidity
Considering the limitR2→ 0 for small nitride rigidity, it is observed from Figures 4b and 5b
that the maximum and minimum values of the stresses become smaller, whilst Figures 4c and
5c show that their positions occur nearer to the nitride mask edge in agreement with the results
of the asymptotics derived in Appendix A. It is in this case that the lateral extent of oxidation
is the greatest, with the bird’s beak length being characterised byd1(τ ) = d(κτ)/

√
κ, with
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Figure 4. Plots for the leading-order normal stressesσ11, σ22 = −R2η0XXXX with κ = 1 in all cases. (a) is a
3-d plot ofη0XXXX with X andτ for the parameter valueR2 = 1. (b) shows the maximum and minimum value
of −R2η0XXXX with R2, whilst (c) shows the position and (d) shows the time of these maximum and minimum
values withR2.

d(t) as defined in (1.17). Interestingly, the large-time behaviour for the stresses in this limit
have some noteworthy features. The stresses are largest in the regionX = O(R

1/6
2 ) near

the nitride-mask edge and are again oscillatory. These can be shown to decay for largeτ ,
where the asymptotics are described in King [5]. Relevant to the normal stresses in the region
X = O(1), the implicit travelling-wave solution (1.15) and the scalings (1.13) together with
(A.1) gives

η1XXXX =
(γ − 1)κ2

γ (γf1+ 1)3
(4 log(γf1+ 1)− 3γf1) , (3.5)

which is shown in Figure 6. The large-time behaviour ofη1XXXX exhibits the emergence of a
travelling-wave solution, the details of which are given at the end of Appendix B. Although
the normal stresses are smaller than those inX = O(R1/6

2 ), they do persist at large time.

3.2.2. Large nitride rigidity
In the limit R2 → +∞ for large nitride rigidity, the maximum and minimum stresses occur
further under the nitride mask (Figures 4c and 5c) and at earlier times (Figures 4d and 5d).
Indeed, Figure 4b suggests that the maximum normal stress tends to a limit, which is consistent
with the asymptotic results described in Appendix A for this case. For largeX, (A.7) gives the
behaviour
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Figure 5. Plots for the leading-order tangential stressσ12 = εR2η0XXXXX (η0 + f0)/2 on the silicon/oxide
interface withκ = 1 in all cases. (a) is a 3-d plot ofη0XXXXX (η0 + f0)/2 with X and τ for the parameter
valueR2 = 1. (b) shows the maximum and minimum values ofσ12/ε withR2, whilst (c) shows the position of the
minimum value withR2 (the maximum value always occurs atX = 0) and (d) shows the time of the maximum
and minimum values withR2.

Figure 6. A 3-d plot of the fourth derivativeη1XXXX for the parameter valuesR2 = κ = 1.
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Figure 7. Plots in the large nitride rigidity case for the leading-order stresses in the regionX = O(1). (a) is a 3-d
plot of the functionζXX whilst (b) shows the functionζXXX(1+f3)/2, both for the parameter valuesR2 = κ = 1.

lim
X→+∞

ζXX = 12(γ − 1)

(2κ)1/2
ḋ3

∫ κτ/γ

0

udu

(u+ 1)3 (u− log(1+ u))1/2 ,

the maximum value of which occurs for smallτ and is 12(γ− 1)/γ ≈ 6 · 7 agreeing with the
numerical value in Figure 4b and noting that

lim
R2→∞

R2η0XXXX = ζXX .

For large time,ζXX = O(τ−1/2) and the normal stresses decay at this rate in bothX = O(1)
andX = O(R1/6

2 ) regions. Figure 7a illustrates the behaviour of the functionζXX. The shear
stress on the oxide/silicon interface is obtained from the expression

(1+ f3)

2
ζXXX = 6(γ − 1)ḋ3f3

(1+ f3)
2

,

and its evolution is shown in Figure 7b.
It is in this case that the lateral extent of oxidation is the smallest, with the bird’s beak

length being characterised byd3(τ ) = d(κτ/γ )/√κ with d(t) as defined in (1.17).

3.3. FINITE-LENGTH MASKS

For finite-length masks, the system of equations governing the leading order growth of the
boundaries and the stresses are now given by (1.1)–(1.3) and (1.5) with the boundary condition
(1.4) replaced by the symmetry condition

at X = L f0X = 0 , η0X = η0XXX = η0XXXXX = 0 , (3.6)

whereL is the non-dimensional half length of the nitride mask (i.e. L = ε`/a where 2̀ is
the dimensional nitride mask length). The asymptotics for this case are significantly different
from the semi-infinite mask case and are discussed in Evanset al.[12], although the numerical
schemes in Section 2 need only minor modifications to deal with (3.6). In particular, (2.38),
(2.39), (2.41) and (2.42) are now replaced by

gN,j+1 = [η1]N,j+1 = [η3]N,j+1 = [η5]N,j+1 = 0, (3.7)
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which then leads to

δgN = δ[η1]N = δ[η3]N = δ[η5]N = 0. (3.8)

As for the initial conditions, the only change is that (2.52) is replaced by

gX = 0 atX = L, (3.9)

which then leads to

g = κ

γ

cosh(
√
κ(L−X))

cosh(
√
κL))

, (3.10)

and thence, fori = 0, . . . , N ,

gi,0 = κ

γ

cosh(
√
κ(L−Xi))

cosh(
√
κL))

, hi,0 = κ
3
2

γ

sinh(
√
κ(Xi − L))

cosh(
√
κL))

. (3.11–12)

As in the semi-infinite mask length case, the parameterκ can be scaled from the problem
and thus it is sufficient to consider only the parametersR2 andL. Figures 8a and 8b describe
the variation of the maximum and minimum values of the normal stressR2η0XXXX with both
R2 andL, whilst Figures 8c and 8d describe the variation of the maximum and minimum
values of the tangential stress (scaled withε) R2η0XXXXX (η0 + f0)/2 with bothR2 andL. In
each case, the maximum and minimum values are the same order of magnitude for eachL and
show the same qualitative behaviour as for the infinite length mask,i.e. their position being
progressively further under the nitride mask (up until the symmetry boundaryX = L) and
occurring at earlier times as the rigidity coefficient increases.

From the results in Section 3.1 forL infinite, the large-time approximation holds for
t ≥ O(t1 = 50), the moving parabola forming a significant part of the approximation when
t ≥ O(t2 = 1000), and the scalings (1.13) and (1.14) withκ = 1 giving the the corre-
sponding times for small nitride rigidities (R2 � 1) and for large nitride rigidities (R2 � 1),
respectively. Thus we would expect to see these large-time approximations in theL infinite
case, form solutions for intermediate-time in theL finite case whenL ≥ √2t1 ≈ 15, with
L ≥ √2t2 ≈ 45 for a near parabolic interface shape. Figure 9 shows the growth of the
oxide thickness(η0(L, τ) + f0(L, τ)) at the mask mid-pointX = L for varyingR2 andL
with κ = 1. The larger values ofL show that the approximations ofL2/2 for large rigidity
andγL2/2 for small rigidity, obtained from the the moving-parabola solution, are reasonable
indications of the times at which the lateral extent of oxidation reach the symmetry boundary.

4. Application of results

Here we provide values for the dimensional model parameters, in order to ascertain which
part of the physical parameter space the reaction-controlled limit is valid. The results obtained
in previous sections are also scaled to give dimensional values which are more relevant to
process engineers and other practitioners.

Some of these dimensional parameters show a wide range of values that vary with differ-
ent process conditions. For instance, the diffusion coefficientD is affected by temperature,
oxidising ambient (dryO2 or wetH2O) and the external pressure of the oxidising ambient,
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Figure 8. Plots in the finite-mask length case for the leading-order normal stressesσ11= σ22= −R2η0XXXX and
tangential stressσ12= −εR2η0XXXXX (η0+f0)/2 with κ = 1. (a) shows the maximum values ofR2η0XXXX with
R2 for selected values ofL, whilst (b) shows the minimum values withR2 for the same values ofL. (c) illustrates
the maximum values ofR2η0XXXXX (η0+ f0)/2 withR2 for selected values ofL, whilst (d) shows the minimum
values withR2 for the same values ofL.

Figure 9. The growth of the oxide thickness atX = L (the centre position of the mask),i.e.f0(L, τ)+ η0(L, τ)

for varying mask lengthsL = 1, 5, 10,20,50 with for eachL the values of the rigidity coefficientR2 = 10−4

(small), 1 (intermediate) and 104 (large).
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Table 1. Dimensional parameter values for selected temperatures and wet/dry oxidation conditions
(SI Units: 1 Pa = 1 N/m2 = 10 dyne cm−2; 1 poise = 10−1 Pa s)

T(◦C) Ambient D (cm2/s) K (cm/s) c∗ (cm−3) N (cm−3) µ (poise)

1200 Dry 2·70× 10−8 1·35× 10−2 5·2× 1016 2.25× 1022

1100 Dry 1·43× 10−8 3·61× 10−3 5·2× 1016 2·25× 1022

1000 Dry 6·58× 10−9 8·53× 10−4 5·2× 1016 2·25× 1022

900 Dry 2·65× 10−9 2·07× 10−4 5·2× 1016 2·25× 1022

800 Dry 9·00× 10−10 3·61× 10−5 5·2× 1016 2·25× 1022

1200 Wet 1·5× 10−9 6·0× 10−4 3·0× 1019 4·50× 1022 6·0× 1011

1100 Wet 1·22× 10−9 1·94× 10−4 3·0× 1019 4·50× 1022 6·0× 1012

1000 Wet 7·21× 10−10 5·30× 10−5 3·0× 1019 4·50× 1022 3·0× 1013

900 Wet 3·89× 10−10 1·16× 10−5 3·0× 1019 4·50× 1022 3·0× 1014

800 Wet 1·87× 10−10 1·89× 10−6 3·0× 1019 4·50× 1022 1·0× 1015

whilst the reaction coefficientK, in addition, is affected by the crystal orientation of the silicon
substrate and doping concentrations. The equilibrium concentration of oxidant in the oxidec∗
is dependent on the oxidising ambient and the external pressure, and the viscosity of the oxide
µ is temperature dependent. These variations are discussed in Deal and Grove [6], Powellet al.
[13], Hess and Deal [14], Sze [15], Hu [16], Massoudet al.[17, 18], Camelinet al. [19], Irene
and Ghez [20], Kaoet al. [21], Lewis and Irene [22], Irene [23], Katz [24], Umimotoet al.
[25], Susa and Nagata [27]. Table 1 provides a range of values for these particular dimensional
parameters, which were taken from Deal and Grove [6], EerNisse [28], Chinet al. [29] and
Wilson and Marcus [30].

Thin initial pad oxide thicknessesa are usually upto 1000 Å (with those less than 50 Å
being termed ultra-thin), whilst nitride mask thicknesses,d, are typically in the range 100 Å–
5000 Å, see for example Bassous and Maniscalco [31], Bohg and Gaind [32], Magdo and
Bohg [33], Isomaeet al. [34], Shibata and Taniguchi [35], Tamakiet al. [36, 37], Chinet
al. [29], Isomae [10], Poncet [8], Tung and Antoniadis [38], Singhet al. [39], Chiou et al.
[40], Huang and Jaccodine [41], Umimoto and Odanaka [42]. Typical mask lengths` can be
anywhere in the range 0·3µm–10µm, with the smaller values being more common recently
as packing densities have increased (Kenkareet al. [43] and Parket al. [44]).

For the nitride mask, a Young’s ModulusE = 3× 1011 Pa and a Poisson’s Ratioν = 0·3
are typical and are taken from Ireneet al. [45]. Values of similar magnitude can be found in
Poncet [8], Isomae and Yamamoto [11], Umimoto and Odanaka [42]. The inertia of the nitride
maskI Å3 is given byI = d3/12(1− ν2) (Umimoto and Odanaka [42]).

We now consider the applicability of the reaction rate limit and the determination of the
dimensionless parameters. Importantly we remark that the original model assumes the oxide
to be an incompressible Newtonian viscous fluid, which is reasonable for process temperatures
above 965oC (EerNisse [28, 46], Tan and Gösele [47], Ireneet al. [45] and Tiller [48]). For
lower temperatures a viscoelastic or even elastic oxide should be considered. The diffusion
of oxidant was also assumed to be in quasi-steady state and is a reasonable assumption if
λ� 1 which is supported by its calculated values in Table 2. For the reaction-controlled limit
we require that the initial pad oxide thicknessa � D/K, whereD/K is a representative
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Table 2. Important dimensional parameter combinations calculated from the values in Table 1, using also
E = 3× 1011 Pa andν = 0.3 for the nitride mask

T (◦C) Ambient D/K (Å) λ λD/K2 µD

λ
(Pa Å2)

λE

12µD(1− ν2)
(Å−2)

1200 Dry 200 1·92× 105 28 s

1100 Dry 396 1·92× 105 3 min 31 s

1000 Dry 771 1·92× 105 29 min

900 Dry 1280 1·92× 105 3 hr 18 min

800 Dry 2493 1·92× 105 36 hr 50 min

1200 Wet 250 6·67× 102 3 s 1·35× 1015 2·04× 10−5

1100 Wet 629 6·67× 102 22 s 1·10× 1016 2·50× 10−6

1000 Wet 1360 6·67× 102 2 min 51 s 3·24× 1016 8·49× 10−7

900 Wet 3353 6·67× 102 32 min 8 s 1·75× 1017 1·57× 10−7

800 Wet 9894 6·67× 102 9 hr 42 min 2·80× 1017 9·82× 10−8

oxidation length (values for which are shown in Table 2). This limit is physically relevant and
has been considered by Shibata and Taniguchi [35] and Wuet al. [49]. The dimensionless
parameters{ε, κ, R2, L} are determined by the following relationships

ε2κ = K

D
a , R2ε

−4 = λE

12µD(1− ν2)

d3

a
, L = ε `

a
, (4.1)

and the dimensional time scalet̄ and the dimensional stressesσ̄ij are given by

t̄ = λa2

Dε2
τ , σ̄ij = µD

λa2
σij , (4.2)

whereτ is the dimensionless time scale andσij are dimensionless stresses.
Denoting the dimensional field oxide thickness byx̄0 = f̄ + h̄ = γ f̄ + a cm, then the

one-dimensional solution (1.6), when written in dimensional terms, becomes

x̄2
0 + A∗x̄0 = B∗

(
t̄ + t̄0

)
whereA∗ = 2D

(
1
H̄
+ 1

K

)
, B∗ = 2Dc∗γ /N termed the parabolic rate constant andt̄0 =

(a2 + A∗a)/B∗. It is worth remarking that since the gas/oxide transport coefficientH̄ � K

(H̄ = O(2·8 cm/s)), then the characteristic lengthD/K ≈ A∗/2 whereA∗ is a well-
investigated rate constant in the Deal-Grove one-dimensional oxidation model (Deal and
Grove [6]). As remarked by Marcus and Sheng [50] and as we note from Table 2, the charac-
teristic lengthD/K for the oxidation process decreases as the temperature increases. This
characteristic length represents the transition thickness at which the field oxide oxidation
kinetics (which are the one-dimensional Deal-Grove solution) change from linear to parabolic.
Thus at lower temperatures the linear rate law dominates for more extensive oxidation times
and the reaction-controlled limit is valid for larger pad oxide thicknesses. As remarked in
Section 1, the reaction-controlled limit holds untilτ = O(ε−2) which in dimensional terms
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Figure 10. Plots of the variation of the dimensional stresses atT = 1000◦C with varying pad oxidea and
nitride maskd thicknesses. (a) shows the maximum normal stress(max{σ̄11, σ̄22}), (b) the minimum normal stress
(min{σ̄12, σ̄22}), (c) the maximum tangential stress(max{σ̄12}) and (d) the minimum tangential stress(min{σ̄12}).

is O(λD/K2) s. This represents the characteristic time of the oxidation process and agrees
with the valueO(A∗2/4B∗) in the Deal-Grove model which marks the time corresponding
to the transition of linear to parabolic growth regimes. Experimentally the smallest pad oxide
values that can be obtained are around 2 Å (Morita and Ohmi [51]), which givesO(10−4) as
the realistic smallest value ofε that may be obtained.

The criteria for choosing the model with a semi-infinite length mask, or that with a finite
length, depends upon the relative sizes of the dimensional lengthl and the characteristic
distance of the oxidation processD/K. If ` ≤ O(D/K) then a finite-length mask would
be applicable, otherwise a semi-infinite length mask should be considered. This follows since
the reaction-controlled stage lasts untilτ = O(ε−2) and we would expect the lateral extent of
the oxidation to be at mostO(ε−1) using the moving parabola solution for the large-time be-
haviour of the silicon/oxide interface. Thus ifL ≥ O(ε−1) then the tip of the moving-parabola
solution(2τ)1/2 will not reach the symmetry boundaryX = L by the end of oxidation time
for which the reaction-controlled limit is valid.

Figure 10 illustrates the behaviour of the maximum and minimum stresses with varying
pad oxide and nitride thicknesses for oxidation in a wet ambient at a chosen representative
temperature of 1000◦C. The values in Tables 1 and 2 have been used, as well as the results
for the maximum non-dimensional stresses discussed in Section 3.2 and the scalings,

R2 = β1ad
3 , (σ̄11, σ̄22) = β2

a2
(σ11, σ22) σ̄12 = β3

a3/2
(σ12/ε) , (4.3)

which show the dependence of the dimensional stresses on the pad oxide and nitride thick-
nesses, where

β1 = λE

12µD(1− ν2)

(
K

D

)2

, β2 = µD

λ
, β3 = µD

λ

(
K

D

)1/2

,

are coefficients, the values of which change with temperature (Table 2). We remark that with-
out loss of generality we have takenκ = 1 so thatε = (Ka/D)1/2. The maximum stresses
increase as the nitride thickness increases and/or the pad oxide thickness decreases, thus
increasing the chance of dislocation onset. This agrees well with the experimental findings
of Bohg and Gaind [32], Magdo and Bohg [33], Shibata and Taniguchi [35], Tamakiet al.
[36, 37], Isomae [10] and Huang and Jaccodine [41]. The stress field in the silicon substrate
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may produce defects if its value (generally a resolved component of the normal and/or shear
stress in a critical direction depending on the silicon orientation, see for example Isomae
[10], Isomae and Yamamoto [11]) is above the yield threshold determined experimentally
by Tamura and Sunami [9], Vanhellemont and Claeys [52] to be in the range 0·7 × 107 to
4·9 × 107 Pa. (This assumes that the starting material is defect-free and that dislocations
are nucleated, the stress threshold for which is much larger than that required to cause glide
of already existing defects.) Although the values in Figure 10 are slightly higher than this
figure, the resolved components can be one or two orders of magnitude less, varying also with
the orientation of the silicon substrate. The position of the maximum stresses are seen from
Figures 5c and 6c to be close to the nitride edge which is where disslocation onset is most
likely to occur, also agreeing with the experimental results of the aforementioned authors.
Finally it should be noted that the scaling (4.3) for the stress agrees in its order of magnitude
with that reported in Matsumoto and Fukuma [53] and Isomae [54].

5. Discussion

Numerical finite-difference schemes have been presented in Section 2 for two important sys-
tems of partial differential equations which arise out of the asymptotic analysis of the reaction-
controlled oxidation case. These partial differential equations are central in describing the
leading-order growth of the oxide boundaries under the nitride mask and the main stresses
that occur within the oxide.

An interesting feature of the stresses are their oscillatory behaviour, which qualitatively
agree with the numerical results of other (similar) models used by Chinet al.[29], Matsumoto
and Fukuma [53], Tung and Antoniadis [38], Isomae [54] and Isomae and Yamamoto [11].
This is particularly important in deciding on the appropriate functional form to use of a stress-
dependent reaction coefficient and diffusion coefficient, which have recently been introduced
to account for the importance of stress effects during the oxidation process (Kaoet al. [21],
Sutardja and Oldham [56] and Umimotoet al.[26]). The stress oscillations are confined to the
mask edge for small nitride rigidities and the central mask region for large nitride rigidities,
that is, the oscillations are pushed to the extremities of the semi-infinite mask for the large and
small mask rigidities.

The reaction-controlled oxidation limit, corresponding to small initial pad oxide thick-
nesses (relative to the characteristic oxidation lengthD/K), is a particular parameter limit
which allows analytical progress in the whole oxide region for the local oxidation of silicon
(LOCOS) process. It is this limit which is of interest practically since it reduces the extent of
lateral oxidation under the nitride mask (bird’s beak encroachment). Unfortunately, associated
with small pad oxide thicknesses are large oxide stresses which can cause dislocation onset
with detrimental results on subsequent device isolation and operation. These associated stress
fields and the degree of lateral oxidation encroachment have been investigated in this paper
with good quantitative agreement with experimental observations. The dimensional results
in Section 4 for the maximum and minimum oxidation-induced stresses demonstrate how
their values can change by several orders of magnitude when the pad-oxide and nitride-mask
thicknesses are varied within experimental ranges. In practice, it is the resolved components of
stress that are of interest; these may be determined by use of (1.8) together with dimensional
scalings (4.2) and then compared to critical yield stress values in order to indicate when dis-
location onset is likely in the silicon substrate. This information together with the analytical
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expressions (particularly the moving parabola solutions at large time) for estimation of the
bird’s beak length, provide important information about the underlying oxidation process in
the LOCOS geometry.

Appendix A

(1) Small nitride rigidity.To consider the limitR2→ 0 we pose the expansions

f0 ∼ f1+O(R2) , η0 ∼ η1+O(R2) ,

in X = O(1) for which (1.1)–(1.5) yields

η1 = (γ − 1)f1+ 1 , (A.1)

and

κf1τ =
(
(γf1+ 1)f1Xτ

)
X
,

atX = 0: f1 = κ

γ
τ ,

asX→∞: f1→ 0 ,

at τ = 0: f1 = 0 ,


(A.2)

for the leading-order problem for the growth of the interfaces. This solution does not satisfy
the boundary conditions forη0 atX = 0 in (1.3) and we find that a boundary layer is required
nearX = 0, the scaling for which isX = R

1/6
2 χ . In χ = O(1) we obtain the expansions

(after matching with the regionX = O(1))

f0 ∼ κτ

γ
+ R1/6

2 χf1X(0, τ )+ R1/3
2

1

2
χ2f1XX(0, τ ) ,

η0 ∼ 1+ (γ − 1)

γ
κτ + R1/6

2 (γ − 1)χf1X(0, τ )+ R1/3
2 η∗1 ,

whereη∗1 is given by

η∗1 = (γ − 1)
χ2

2

κ2τ

γ (1+ κτ) +N ,

andN satisfies the problem,

Nτ = 1
12(1+ κτ)3Nχχχχχχ ,

atχ = 0 : Nχχ = −(γ − 1)κ2τ

γ (1+ κτ) ,Nχχχ = Nχχχχ = 0 ,

asχ →+∞ : N → 0 ,

at τ = 0 : N = 0 .


(A.3)

The leading-order stresses in this case are
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X = O(R1/6
2 ) : σ11, σ22 ∼ −R2/3

2 Nχχχχ ,

σ12 ∼ εR1/2
2 Nχχχχχ

(
−y + 1

2

(
1+ (γ − 1)

κτ

γ

))
;

X = O(1) : σ11, σ22 ∼ −R2η1XXXX,

σ12 ∼ εR2η0XXXXX

(
−y + 1

2
(η1− f1)

)
(A.4)

which are now much smaller with the largest occurring in the regionX = O(R1/6
2 ) near the

nitride mask edge.
(2) Large nitride rigidity. In the limitR2→∞, we seek expansions in the form

f0 ∼ f3+ o(1) , η0 ∼ η3+ o(1) , η0XX ∼
1

R2
ζ ,

where at leading order the nitride is regarded as rigid,η3 ≡ 1. We obtain

κf3τ =
(
(1+ f3)f3Xτ

)
X
,

atX = 0 : f3 = κ

γ
τ ,

atX→+∞ : f3→ 0 ,

at τ = 0 : f3 = 0 ,


(A.5)

together with

−(γ − 1)f3τ = 1
12

(
(1+ f3)

3ζXXX
)
X
,

atX = 0 : ζ = ζX = ζXX = 0 ,

asX→+∞ : ζXXX → 0 .

 (A.6)

Using the travelling wave solution (1.15) with the scalings (1.14) as the solution to (A.5), we
may integrate (A.6) to give

ζXX = 12(γ − 1)ḋ3

(2κ)1/2

∫ κτ/γ

f3

udu

(u+ 1)3(u− log(1+ u))1/2 , (A.7)

with

ḋ3 =
(κ

2

)1/2 1

γ

(
κτ

γ
− log

(
1+ κτ

γ

))1/2 .

An additional region is required since (A.7) does not satisfyζXX → 0 asX→∞, the scaling
for which isX = R1/6

2 χ . In χ = O(1), f0 can be shown to be exponentially small, and thus
we have

η0 ∼ 1+ R−1/3
2 η∗3 ,
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Figure 11. Plot of the inner solutionr0 from (B.2)
and the asymptotic approximations (B.3) and (3.1) with
a0 = 2·553.

with

η∗3τ = 1
12η
∗
3χχχχχχ ,

atχ = 0 : η∗3χχ = η∗3χχχ = 0 , η∗3χχχχ = lim
X→∞ ζXX ,

asχ →+∞ : η∗3 → 0 ,

at τ = 0 : η∗3 = 0 .


(A.8)

The leading-order stresses in this case are

X = O(1) σ11, σ22 ∼ −ζXX ,
σ12 ∼ εζXXX

(−y + 1
2(1− f3)

) ;
X = O(R1/6

2 ) , σ11, σ22 ∼ −η∗3χχχχ ,
σ12 ∼ εR−1/6

2 η∗3χχχχχ
(−y + 1

2

)
,


(A.9)

with the largest stresses occurring in both theX = O(1) andχ = O(1) regions far under the
nitride mask.

These results are analagous to those derived in King [5], albeit by a slightly different
method, and are recovered by settingR2 = ε2R1 for small nitride rigidity andR2 = ε−3R3

for large nitride rigidity withR1, R3 = O(1).

Appendix B

To describe the large-time behaviour of (1.19)–(1.12), we introduce the scalings

T = θt , F = θf , Y = θ1/2x ,



216 J. D. Evans et al.

using an artificial small parameterθ , and consider the limitθ → 0. We obtain the following
structure:

(a) An outer region 0< Y <
√

2T in whichF ∼ F0+o(θ1/2)with the self-similar solution

F0 = TG(ξ) , ξ = Y√
2T

, (B.1)

where

G(ξ) =
{
(1− ξ)2 , ξ < 1 ,

0 , ξ > 1 .

(b) An inner region withF = θ(r0(z)+ o(1)) andY = √2T + θ1/2z, so that inz = O(1)
we have
√

2z =
∫ a2

r0

du

(u− log(1+ u))1/2 (B.2)

wherea2 is a constant which is determined by the matching condition

r0 ∼ z2

2
+ 2 log(−z)− log 2+ 2+ o(1) , asz→−∞ . (B.3)

Figure 11 indicates that this is a good approximation forz < −5 and numerically we obtain
a2 = 1·607. The outer moving parabola solution (B.1) is thus expected to hold forY <√

2T − 5θ1/2 or equivalently forx <
√

2t − 5. Asz→ +∞, the asymptotic behaviour ofr0
is exponential and is given by (3.1) where nowa0 = 2·553.

(c) In the third region
√

2T < Y , f is exponentially small and has the form,

f ∼ a0e
(
√

2T−Y )/θ1/2
.

Relevant to the stresses in the small rigidity case (R2 → 0) in X = O(1), we note that
fxxxx is o(θ3/2) in the outer region, exponentially small in the third region, and in the inner
region isO(1) and has the form

fxxxx ∼ r0zzzz =
1

(1+ r0)3 (4 log(1+ r0)− 3r0) .

Thus for large time, using the transformation (1.13), we have that

η0XXXX ∼
(γ − 1)κ2

γ (1+ r0)3 (4 log(1+ r0)− 3r0) ,

which is ofO(1) in magnitude in a region of lengthO(1) around the moving tipX = √2τ .
Formally, in the large time variablesY andT , it should be noted this corresponds to a moving

dipole whereFYYYY = −δ′
(
Y −√2T

)
andδ′(·) denotes the derivative of the generalised

delta function. Curiously then, a residual stress field seems to persist at large time in the small
nitride rigidity case.
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